We study the dissipative dynamics of N quantum spins with Lindblad generator consisting of operators scaling as fluctuations, namely with the inverse square-root of N . In the large N limit, the microscopic dissipative time-evolution converges to a non-Markovian unitary dynamics on strictly local operators, while at the mesoscopic level of fluctuations it gives rise to a dissipative non-Markovian dynamics. The mesoscopic time-evolution is Gaussian and exhibits either a stable or an unstable asymptotic character; furthermore, the mesoscopic dynamics builds correlations among fluctuations that survive in time even when the original microscopic dynamics is unable to correlate local observables.
Introduction
In many physical situations concerning many-body quantum systems with N microscopic components, the relevant observables are not those referring to single constituents, rather the collective ones consisting of suitably scaled sums of microscopic operators. Among them, one usually considers macroscopic averages that scale as the inverse of N : these loose all quantum properties in the large N limit thereby providing a classical description of the collective features of many body quantum systems.
Another class of relevant collective observables are the so-called quantum fluctuations: they account for the variations of microscopic quantities around their averages computed with respect to a chosen reference state. In analogy to classical fluctuations, they scale with the inverse square root of N so that, unlike macroscopic observables, they can retain quantum features in the large N limit [1, 2, 3] . Indeed, whenever the reference microscopic state presents no long-range correlations in the large N limit, the fluctuations behave as bosonic operators; furthermore, from the microscopic state there emerges a Gaussian state over the corresponding bosonic Canonical Commutation Relation (CCR) algebra. These collective observables describe a mesoscopic physical scale on which many-body behaviours are in between the purely quantum behaviour of microscopic observables and the purely classical one of macroscopic observables [4] .
Due to the large number of degrees of freedom, the analytic description of the time-evolution of many-body systems is usually impossible. Nevertheless, in many situations [1, 5] , meanfield approximations lead to dynamics amenable to quantitative and qualitative considerations. Mean-field unitary dynamics have already been extensively studied at the level of fluctuations operators [1, 4, 6] . In the following we consider the case of a mean-field dissipative dynamics of an open quantum spin chain weakly coupled to an environment through collective operators scaling with the inverse square-root of the number of individual constituents, as in the Dicke model of matter-light interaction [7, 8, 9] . We study the large N limit of the dissipative time-evolution at the microscopic scale of local observables, that is for fixed number of sites, and at the mesoscopic level of quantum fluctuations. These two scenarios look quite different: when N → ∞, local observables evolve according to a Hamiltonian despite the dynamics being purely dissipative for each finite N . This Hamiltonian is time-dependent if mean-field operators tend to macroscopic mean magnetisations that vary with time. The same fate occurs to quantum fluctuations; however, their mesoscopic dynamics is a dissipative family of completely positive maps that send Gaussian states into Gaussian states. In the time-dependent case, the generators of both local and mesoscopic time-evolutions depend explicitly not only on the running time t, but also on the initial time t 0 ; therefore, when N → ∞, the microscopic dynamics, which composes as a one-parameter semigroup, gives rise to a non-Markovian time-evolution on the microscopic as well as on the mesocopic level.
It turns out that the dynamics of the mean magnetisations possesses a stable and a unstable asymptotic point; correspondingly, the semigroup of mesoscopic, dissipative Gaussian maps has an attracting asymptotic Gaussian state or none at all. In the former case, the asymptotic Gaussian state embodies correlations among fluctuations that are built by the mesoscopic collective dynamics even when it emerges from a microscopic time-evolution that is unable to correlate local observables.
The Model
We consider a quantum spin chain consisting of a doubly infinite lattice, with a two-level system at each of its sites described by the algebra A 2 generated by s µ = σ µ /2, µ = 1, 2, 3, and s 0 = 1 2 , with σ µ the Pauli matrices so that
The different sites will be labeled by integer numbers k ∈ Z so that s (k) µ will denote the spin operator s µ pertaining to the k-th site. As customary for quantum spin chains, the algebra A describing the infinite chain is chosen to be the so-called quasi-local C * algebra that arises from the norm closure of the algebra generated by spin operators differing from the identity only at finitely, but arbitrarily many sites [10] .
On this algebra A, a state ω is a positive, linear, normalized functional ω : A → C assigning to each a ∈ A its expectation value ω(a). Notice that the mean-values of the operators s µ satisfy
We assume the state to be translation invariant, namely ω (τ (a)) = ω(a) for all a ∈ A, where τ is the translation automorphism moving spin operators from one site to the one at its right, τ (s
. Furthermore, we shall ask the state to be clustering, namely to obey
Physically, this means that ω carries no correlations between spin observables supported by lattice regions far away from each other.
The relevant physical properties of many-body systems are encoded not in microscopic, local observables, rather in coarse-grained observables involving all their constituents and giving access to the statistical properties of the system as a whole. Most natural among these collective observables are the averages over microscopic observables like, for instance, the mean magnetisation along the µ-axis,
One then studies the convergence of S (N ) µ as N → ∞: it turns out that, with respect to translation invariant clustering states, the so-called weak limit of these averages provides multiples of the identity operator:
the weak convergence of a sequence {c N } N ∈N of operators c N ∈ A to an operator c meaning that
The averages S µ commute among themselves and are thus appropriately associated with the "macroscopic" classical scale of the quantum spin chain defined by the the state ω 1 . However, while a scaling with inverse powers of N is necessary in order to arrive at a sound collective description, 1/N is not the only one possible. Other collective operators can be defined by the weaker scaling 1/ √ N : this is typical of fluctuations of classical stochastic variables around their mean-values with respect to a given probability distribution. Analogously, for a quantum spin chain, the fluctuation of a single spin operator is defined by:
where the m − lim denotes the mesoscopic limit and has to be understood in the quantum central limit sense [2] . Before explaining what this concretely means, let us first observe that such a limit is expected to preserve quantum features. Indeed, since spins at different sites commute,
whence the commutator of two fluctuation operators scale as a mean-field observable and becomes proportional to the identity operator within the representation fixed by the microscopic state ω. Therefore, the fluctuation operators are expected to obey Canonical Commutation Relations
and to give rise to the algebra of Weyl operators W (r) = exp (i(r, F )) such that
with (r, F ) = 3 µ=1 r µ F (s µ ), r µ ∈ R, and σ ω a symplectic form defined through (8) with entries as in (11) below.
The Weyl operators are expected to emerge in the mesoscopic limit from microscopic Weyl-like spin operators of the form
The meaning of the mesoscopic limit derives from the Quantum Central Limit theorem that holds for states ω supporting normal quantum fluctuations [1, 2] , namely such that the quantities
with {· , ·} denoting the anti-commutator, are well defined and give rise to a symplectic matrix σ ω , respectively to a covariance matrix Σ ω . Then, what the Quantum Central Limit shows is that lim
and similarly for products of exponentials:
Therefore, in the mesoscopic limit, the set of fluctuations
is mapped into a set of Bose field operators {F (s µ )} 3 µ=1 , so that, at the mesoscopic scale, the quantum spin chain is completely described by the algebra of Weyl operators W (r) defined by:
The notation m − lim stands for a limit with respect to a topology which is weaker than the one associated with the weak limit introduced in (6) . This latter does indeed define a topology on the algebra of operators which is too strong to make the exponential operators W N (r) converge to definite operators. The mesoscopic limit is understood as follows. The quantum central limit theorems [1] - [3] show that, from the microscopic state ω, there emerges a mesoscopic bosonic Gaussian state Ω on the fluctuation algebra such that:
Ω (W (r 1 )W (r 2 )) = e
By varying r 1,2 ∈ R 3 , the expectation values of the form Ω (W (r 1 ) X W (r 2 )) 2 completely determine any generic operator X in the algebra generated by the the Weyl operators W (r). Then, the mesoscopic convergence to X of a linear combination X N of exponential operators W N (r) with N → ∞ is defined by
3 Mean-field dissipative dynamics
Mean-field unitary evolutions are such that the Heisenberg dynamics of quantum observables is generated by commutators with a Hamiltonian that scales as the inverse of the number of microscopic constituents [1, 4, 6] . In analogy with these models, we here consider a simplified mean-field purely dissipative dynamics, without Hamiltonian terms, for N sites corresponding, in the Heisenberg picture, to the time-evolution equation
where L N is a Lindblad-type generator [11, 12] of the form
and x ∈ A is any spin operator supported by the sites from 1 to N . The coefficients D µν do not depend on the lattice sites, so one can recast the generator as follows:
that scale as fluctuations. This type of generator could be derived, within the theory of open quantum system, from a suitable weak coupling [13, 14] of the first N spins of the chain with an environment, the interaction involving the spin-operators L (N )
µ . This microscopic dissipative dynamics differs from the one studied in [15] whose Lindblad generator is not meanfield as the operators contributing to it do not scale as fluctuations.
With the request that the 3 × 3 Kossakowski matrix D = [D µν ] be positive semi-definite, the generator gives rise to a dissipative semigroup consisting of completely positive, unital maps γ
Since 
As mentioned in the Introduction, we are interested in two specific scenarios: in the first one, the large N limit affects only the Lindblad generator, but not the local operators x ∈ A. In the second scenario, the operators x will be taken to be collective quantum fluctuations, therefore scaling themselves as the Kraus operators.
Mean-field dissipative dynamics of local operators
Let us first focus on the first scenario: the large N dissipative time-evolution of strictly local microscopic observables. In the large N limit, the two components of the generator L N act very differently on local operators supported by an arbitrary but fixed number of sites. In order to appreciate this point, consider a single spin operator x (k) at site k; since operators at different sites commute, the double commutator in (19) yields
The norm of A N [x (k) ] vanishes when N → ∞ because of the finite number of norm-bounded contributions from the double sum. Instead, the anti-commutator in (20) gives
With respect to a clustering state ω, the mean-field observable S
ν tends to a scalar quantity ω ν := ω(s ν ) and thus B N [x (k) ] tends weakly to a state-dependent Hamiltonian action
Since the entries B µν are real as well as the expectations ω ν and
ω is Hermitean. Furthermore, looking more accurately at the time-evolution equation (16), one sees that L N acts on
[x] so that one needs to study the large N behaviour of
tends on local spin operators x ∈ A to a still clustering, but possibly time-dependent state,
then the emergent Hamiltonian will also be time-dependent,
due the time-dependent macroscopic averages
Starting from an arbitrary initial time t 0 ≥ 0, the emergent unitary dynamics on local observables x ∈ A will thus amount to a homogenous one-parameter family of maps α
It thus follows that, in the large N limit, the irreversible, purely dissipative semigroup of maps γ
, not only acts on local observables as a family of unitary maps α ω t , but also that these break the microscopic composition law (18) . Indeed, the generator of these maps depends explicitly not only on the final time t, but also on the initial time t 0 :
Remark 1 For each initial time t 0 ≥ 0 we have a one-parameter family of maps α ω t−t0 that obey neither the composition law in (18) , nor the one typical of two-parameter semi-groups,
that arises from time-ordered integration of a generator depending explicitly on the running time t, but not on the initial time t 0 . The Hamiltonian in (27) thus provides an interesting instance of non-Markovianity in the sense of [16] . Clearly, if the time-evolving state ω • γ (N ) t tends, with N → ∞ to a time-invariant state on the quasi-local algebra A, then one recovers the oneparameter semigroup features of (18) . Indeed, the time-evolution is in this case also Hamiltonian, but obtained from a micro-dynamics of semigroup type; therefore, the obtained time-evolution of local operators also holds only for positive times.
Mean-field dissipative dynamics of quantum fluctuations
Suppose the state ω is not left invariant by the microscopic dynamics so that ω
and that the mean-values in (7) are time-dependent. Then, as quantum fluctuations account for deviations from mean-values evaluated with respect to the chosen reference state that now varies in time, they are themselves time-dependent and defined by
Notice that ω
If the macroscopic triples (
µ ), are timedependent, then one must deal with time-dependent symplectic and covariance matrices, σ 
In such a case, the dissipative dynamics of quantum fluctuations consists of a one-parameter family of completely positive maps turning Weyl operators into themselves in the sense that [17] :
where Σ ω t = X t Σ ω X tr t + Y t with X t and Y t ≥ 0 being fairly complicated matrices [17] reflecting the dependence of the time-evolution on the evolving quasi-local state. Quantum fluctuations thus evolve dissipatively and in a non-Markovian fashion as is the case for the unitary dynamics of local observables. More precisely, starting at an initial time t 0 ≥ 0, the dynamics of quantum fluctuations arises from the following mesoscopic limit (see (13) 
The maps Φ t−t0 can then be shown to be unital, completely positive by applying the techniques developed in [18] and also to be such that Φ t−t0 = Φ t−s • Φ s−t0 for t 0 ≤ s ≤ t (see [17] ).
The matrices X t and Y t result from the integration of the matrix equation satisfied by the time-derivative of the covariance matrix Σ ω t :
whose derivation is sketched in the Appendix, the matrix A and B being those in (19) and (20), while the matrix C t is given in equation (78) of the Appendix.
Remark 2 If in the left hand side of (33) one uses the composition law (9) and the linearity of the expectation given by the state Ω t one derives σ ω t = σ ω , a contradiction when the macroscopic triple (ω 1 (t), ω 2 (t), ω 3 (t)) depends on time. It thus follows that when evaluating the averages at time t of mesoscopic Weyl operators multiplied by functions f (·) of the triple ω = (ω 1 , ω 2 , ω 3 ), ω µ = ω(s µ ) ∈ [−1/2, 1/2], these functions ought to be evaluated at the time-evolved macroscopic triple ω t = (ω 1 (t), ω 2 (t), ω 3 (t)):
When f ( ω) = exp(−i(r, σ ω r)), the contradiction mentioned above is eliminated. We refer the reader to [17] for a detailed discussion of this point.
Remark 3 As discussed in the previous section, on the quasi-local spin algebra A the dissipative time-evolution γ 
The emerging mesoscopic stateΩ t such that
and the mesoscopic dynamics will in general differ from those associated with the states ω (N ) t as we shall show in Section 4.3 (for similar considerations in the case of unitary time-evolutions see [4, 6] ).
Asymptotic invariant state
As we have seen, the large N dynamics of both local operators and quantum fluctuations depends on the time-dependence of the macroscopic averages ω ν (t) in (25). By taking the time-derivative of (25) and using (24), the real anti-symmetric character of the matrix B = [B µν ] yields the following non-linear differential system:
By a suitable unitary rotation that preserves the algebraic relations between the fluctuations F N (s µ ), B can always be brought into the simpler form:
Correspondingly, the spin operators s µ rotate into new spin operators s ′ µ and the mean-values ω µ (t) into new mean-values ω ′ µ (t). For sake of simplicity, we shall denote the new spin operators and their mean-values as the old ones; then, from (40) it follows thaṫ
One then readily sees that the length of the vector with components ω ν (t) remains constant under the given unitary time-evolution; then, setting ω
where the constant c is determined by the initial condition through ω 3 (0) = ξ tanh(ξc). It thus follows that the only time-invariant solutions are:
For λ > 0, ω 3 (∞) = |ξ| is a stable solution while ω 3 (∞) = −|ξ| an unstable one; the opposite being true for λ < 0; whence, starting from any initial triple (ω 1 , ω 2 , ω 3 ), except from (0, 0, ξ) such that λξ < 0, one always converges to the stable solution (0, 0, ξ).
Time-invariant macroscopic averages
We now study the emergent quantum fluctuation dynamics when the spin chain is equipped with a time-invariant microscopic state ω such that the macroscopic averages ω µ (t) are constant in time and equal the asymptotic values (0, 0, ξ) discussed above 3 . With respect to such a microscopic state, the algebra of quantum fluctuations reduces to the Weyl algebra acting on the one-particle Hilbert space L 2 (R). In fact, recalling the definition of quantum fluctuations given in (7) and their commutation relations (8), one gets:
Therefore, F (s 1,2 ) behave as position and momentum operators
while F (s 3 ) corresponds to a classical degree of freedom commuting with both q and p. Let us now consider the two maps in (19) and (20), where the spin operators that define them are those relative to the representation (40) of the matrix B and, in the place of x t , there is an exponential operator W N (r) as in (10). In the mesoscopic limit (13) , W N (r) tends to a Weil operator W (r) and the map (19) defined by the real part A of the Kossakowwski matrix D gives rise to
Indeed, the double commutator in (21) allows one to replace the sums Notice that, since F (s 3 ) commutes with F (s 1,2 ), the Weyl operators can be split as
whence one can restrict to Weyl operators involving only F (s 1,2 ) or, equivalently q and p.
Regarding the map (20) defined by the imaginary part B of the Kossakowski matrix, only spin operators s 
Then, the action of B N [W N (r)] can be readily expressed in terms of the fluctuation operators F N (s 1,2 ) whence the mesoscopic limit yields
where b = λ ξ. As a consequence, the stability of the macroscopic triple (0, 0, ξ) amounts to b > 0, its instability to b < 0. The dynamics thus keeps the bosonic mode F (s 3 ) commuting with q and p at all times so that, using (47), we can concentrate on Weyl operators of the form W (r) = exp(i(r 1 q + r 2 p)). Their mesoscopic dynamics is thus generated by
with R = (q, p) tr and Kossakowski matrix given by
Its action on W (r) = exp(i(r, R)) can be unfolded by using that
Then,
On the other hand, since L is bilinear in q and p, the dynamics exp(tL) transform Weyl operators into Weyl operators multiplied by scalar functions. Therefore, with the ansatz
one then gets
indeed, (ṙ t , σ ω r t ) = −b(r t , σ ω r t ) = 0 due to the anti-symmetric character of σ ω . Any initial Gaussian mesoscopic state Ω G is thus mapped, at time t > 0, into a Gaussian state Ω G t completely defined by its covariance matrix Σ t with entries 
Both matrices contributing to Σ G t are positive semi-definite; therefore, their diagonal entries are non-negative, whence the norm of Σ G t grows exponentially with t → +∞, reflecting the instability of the invariant macroscopic triple. Therefore, in the unstable case, no invariant mesoscopic Gaussian states can exist.
Example 1 Let us consider a generator as in (51) with the following Kossakowski matrix
(58)
In the Schrödinger picture, mesoscopic states (density matrices) ρ on the Weyl algebra evolve in time according to the master equation
, where
Stable case: b = 1.
One can represent the action of q + i b p = q + ip by means of an annihilation operator a and seek invariant states such that L T [ρ] = 0 by expanding ρ = n,m≥0 ρ nm |n m|, with a|n = √ n|n−1 . Imposing 0 = a n,m≥0
ρ n+1m+1 (n + 1) (m + 1) − n + m 2 ρ nm |n m| , one derives the following recursion relation
Then, Tr(ρ) = 1 = n≥0 ρ nn requires ρ 00 = 1 whence the vacuum state ρ = |0 0| is the only stationary state. With respect to the operators q, p the vacuum state is a Gaussian state Ω with covariance matrix Σ = 1/2. Since, with b = 1, A in (52) is the identity matrix, the vacuum state coincides with the limiting state Ω ∞ with covariance matrix Σ ∞ in (56).
Unstable case: b = −1 By representing the action of q + i b p = q − i p with the annihilation operator a, invariant states must satisfy:
In this case there are no solutions since, unlike before, ρ 00 = 0; therefore, no mesoscopic invariant states exist.
Time-dependent macroscopic averages
If the microscopic state on the quantum spin chain provides a time-dependent macroscopic triple (ω 1 (t), ω 2 (t), ω 3 (t)), the algebra of quantum fluctuations consists of three bosonic degrees of freedom satisfying time-dependent canonical commutation relations as in (30). The mesoscopic dynamics Ω G → Ω G t of an initial mesoscopic Gaussian state Ω G is then completely defined by the time-evolution equation (34) satisfied by its covariance matrix Σ G t . The time behaviour of the latter is in turn determined by the dynamics of macroscopic averages, through the symplectic matrix
and the matrix C t in (34) which, with the choice of B in (40), reads
If the microscopic state does not provide the unstable macroscopic triple (0, 0, ξ) with b = λξ < 0, then any initial triple (ω 1 , ω 2 , ω 3 ) tends exponentially fast to (0, 0, ξ) with b > 0. Therefore, for a generic (translation-invariant and clustering) microscopic state, the corresponding mesoscopic symplectic matrix σ ω t will tend to
with t → +∞, while D t will vanish. Therefore, for large times, the covariance matrix satisfies the following asymptotic version of (34) with σ ω ∞ as in (61):
From such an asymptotic equation one derives that the covariance matrix Σ (2) t relative to the mesoscopic modes F (s 1,2 ) asymptotically behaves as the solution oḟ
, which then tends to the asymptotic covariance matrix Σ ∞ in (56). This shows that, in the stable regime, the resulting mesoscopic limit state is the one described by the covariance matrix in (56) as one can see by passing from F (s 1,2 ) to position and momentum operators. Namely, when restricted to the Weyl algebra generated by F (s 1,2 ) the time-evolving state Ω t is such that lim t→+∞ Ω t = Ω ∞ . Different is the asymptotic behaviour of the third bosonic degree of freedom F (s 3 ). This cannot be extracted from the asymptotic equation (62), as it just says that asymptotically Σ 33 goes to a constant. Its value has to be calculated from the explicit solution of (34). What one finds is that, asymptotically, F (s 3 ) gets dynamically decoupled from F (s 1,2 ) and that its mean-value with respect to Ω t tends to the following Gaussian distribution:
Thus, the asymptotic distribution carries memory of the initial microscopic state through the macroscopic mean-values ω ν (0), and of the initial mesoscopic state through the entries of the covariance matrix Σ ω . The dependence on theses initial states is instead lost in the quasi-local limiting state and in the mesoscopic covariance matrix (56).
Dynamics of mesoscopic correlations
Let ω be a stable factor state, namely the tensor product of infinitely many copies of a same density matrix for each lattice site (see Footnote 3), and consider the matrix B in the form (40). Then, all the Hamiltonian contributions to the local dynamics in (24) vanish and the autmorphisms α ω t act trivially on the quasi-local algebra A. As emphasised in Remark 3, one can look at the mesoscopic dynamics that emerges from fluctuations built with respect to the time-varying stateω t = ω • α ω t . Indeed, one knows that on local observablesω t = lim N ω (N ) t , where ω
is the microscopic state time-evolution under the dissipative microscopic dynamics.
In the case we are discussing we thus have thatω t = ω; therefore, the fluctuation operators in (35) now read:
their symplectic matrix is as in (61), while the covariance matrix Σ ω is given by
This form corresponds to the fact that ω carry no correlations between any pairs of s
2 at different sites i = j. Notice that the matrix is positive because of (2).
However, fluctuation operators do indeed evolve under the mesoscopic dissipative dynamics that emerges from the microscopic one and their correlations are eventually embodied by the asymptotic mesoscopic state Ω ∞ . Its covariance matrix Σ ∞ is given by (56) with off-diagonal term Σ 12 (∞) = − A 12 2|b| : as it is not zero, it shows that quantum fluctuations become correlated by the mesoscopic dissipative dynamics and these correlations persist asymptotically in time.
Morover, the off-diagonal term originates from
The last equality follows since s 1,2 at a same site anti-commute and from (48). Since the state ω is a factor state, the mean-values of operators that are invariant under exchange of lattice sites are also invariant. As the Kraus operators forming the Lindblad generator L N are also invariant under exchange of lattice indexes, it turns out that,
whence, for all i = j, (65) yields
Then, we do not only know that the site-to-site correlations C (ij) 12 (N, t) vanish with N → ∞ at all times t, but also that, for t ≫ 1, they do it according to
This shows that the non-zero off-diagonal entries of the covariance matrix of the mesoscopic state Ω ∞ depends on correlations between local observables at the microscopic level that vanish in the large N limit, but in a sufficiently slow manner that they can nevertheless contribute to mesoscopic correlations at the level of collective quantum fluctuations.
Conclusions
We considered a quantum spin chain consisting of two-level systems at each site and embedded within a common environment that gives rise to a microscopic dissipative, mean-field Lindblad type semigroup whose Kraus operators scale as the inverse square root of the number N of sites. With respect to a translation invariant and clustering microscopic state, the large N limit of such a dynamics when acting on local observables provides a one-parameter family of unitary automorphisms, this despite the microscopic dynamics being dissipative. Moreover, the dynamics is non-Markovian with a generator that depends on both final and initial time.
On the other hand, the dynamics of quantum fluctuations, namely quantum operators with zero microscopic mean that scale as the inverse square root of N , is a one-parameter family of completely positive maps that also break Markovianity in the same way as the unitary dynamics on local observables.
Furthermore, the mesoscopic dissipative dynamics exhibits a stable scenario with convergence to a unique asymptotic Gaussian state with global correlations that have no microscopic correspondence and that survive the time asymptotic limit, and an unstable scenario where no asymptotic Gaussian state exists, due to the asymptotic divergence of any covariance matrix.
Though simple, the model studied here rather exhaustively shows the richness of possible situations that arise from a mean-field dissipative dynamics when their effects are studied on local operators or on operators that scale as fluctuations. Quantum fluctuations, their states and dynamics represent a mesoscopic level of description of many-body systems where collective behaviours retain quantum footprints. As such, they appear very promising theoretical tools to model collective quantum behaviours at the interface of quantum and classical physics in a variety of physical contexts ranging from assemblies of nano-oscillators, quantum dots and ultra cold atoms, where the number of elementary constituents makes the presence of an environment and thus of external noise and dissipation hardly negligible.
Appendix
In this Appendix we provide a sketch of how to handle the large N limit (68) and refer to [17] for the technical proof of the consistency of the following manipulations. Let
Then, the time-derivative of the mean-value of the above quantity with respect to the timeevolving state ω
Indeed, due to (29), the contributions of the forṁ 
Because of the double commutator, the insertion of scalar quantities like the mean values ω (N ) t (s (k) ) does not alter the above expression that can thus be rewritten
Since commutators like F 
Once inserted in (70), this behaviour yields 
By inserting mean-values of the form ω 
µν (t) .
We now treat separately the contributions in (74) and (75) 
where σ ω µν (t) = −σ ω νµ (t), B µν = −B νµ and Σ µν (t) = Σ νµ (t) have been used. In order to control the large N limit of the mean-value of B ′′ N Σ (N ) µν (t) , notice that
Then, 
where C t is the anti-symmetric matrix with entries
Putting together (72), (76) and (77) one finally gets the result in (34).
